We give the necessary and su cient condition for a Riemannian foliation, of arbitrary dimension, locally generated by Killing elds to produce harmonic morphisms. Natural constructions of harmonic maps and morphisms are thus obtained.
Introduction
It is well-known that a Riemannian foliation with minimal leaves has the property that it produces harmonic morphisms i.e. its leaves are locally bres of submersive harmonic morphisms. This is an immediate consequence of the fact that Riemannian submersions with minimal bres are harmonic morphisms.
More generally, a Riemannian foliation (of codimension not equal to two) produces harmonic morphisms if and only if the vector eld determined by the mean curvatures of the leaves is locally a gradient vector eld. This is a consequence of the fundamental equation of P. Baird and J. Eells 1] (see Proposition 1.2 below). Although this condition is quite simple, there were not known many examples of such Riemannian foliations; our work will provide many new ones.
For a one-dimensional Riemannian foliation the above condition is equivalent to the fact that the foliation is locally generated by Killing elds (a result essentially due to R.L. Bryant 6] ) but this is not true for foliations of dimension greater than one. In this paper we show that for a foliation locally generated by Killing elds the above condition depends only on the integrability tensor of the horizontal distribution and on the induced local action. Thus we obtain a useful criterion for a foliation locally generated by Killing elds to produce harmonic morphisms. This is done in Section 1 (Theorem 1.12). In Section 2 we derive a few consequences, thus obtaining the following classes of Riemannian foliations of codimension not equal to two which produce harmonic morphisms:
Foliations locally generated by Killing elds and with integrable orthogonal complement; Foliations generated by the local action of an Abelian Lie group of isometries; Foliations generated by the action of a reductive closed subgroup of the isometry group; Foliations generated by the action of a Lie group of isometries whose orbits are naturally reductive homogeneous Riemannian manifolds; Foliations formed by the bres of principal bundles for which the total space is endowed with a metric such that the structural group acts as an isometry group and the connection induced on the determinant bundle of the adjoint bundle is at. We remark that the omitted case of codimension two is much simpler. In this case a foliation produces harmonic morphisms if and only if it is conformal and its leaves are minimal 21] .
I am deeply indepted to J.C. Wood for help and thoughtful guidance.
The characterisation of the isometric actions which produce harmonic morphisms
Foliations whose leaves are locally bres of (submersive) harmonic morphisms were introduced in 21]. We recall the following de nition.
De nition 1.1. Let (M; g) be a (connected) Riemannian manifold and let V be (the tangent bundle of) a foliation on it.
We will say that V produces harmonic morphisms on (M; g) if where H is the`horizontal' distribution (i.e. the orthogonal complement of V ) and we have denoted by the same letter the projection onto it.
Since V is Riemannian, must be basic (i.e. constant along the leaves of V), so H(grad(log )) = grad(log ) and (ii) follows. trace( V B) (V; X) = 0 for any vertical V and horizontal X .
2) If V produces harmonic morphisms and its leaves are the bres of the Riemannian submersion ' : (M; g) ! (N; h) then ' can be lifted to a harmonic morphism whose domain is a Riemannian covering space of (M; g) (see the proof of Corollary 1.14 below).
Foliations whose mean curvatures are locally gradient vector elds can be characterised in terms of the associated Bott connection, de ned as follows:
De nition 1.4. Let V be a foliation on (M; g) and let H be its orthogonal complement.
The (adapted) Bott connection r on V is de ned by r E V = V HE; V ] + V(r VE V ) ; for E 2 ?(TM) , V 2 ?(V) and where r is the Levi-Civita connection of (M; g) . Proposition 1.5. Let V be a foliation of dimV = r on (M; g). Then the following assertions are equivalent: In order to apply Proposition 1.5 we need to compute the curvature form of the Bott connection of V . Let fX 1 ; : : : ; X n ; V 1 : : : ; V r g be a local frame eld on M such that X j 2 ?(H) are basic and V 2 ?(V) are in nitesimal automorphisms of H (i.e. V ; X = 0 for any basic X ) which locally generate V (r = dimV , n = codimV) . We shall always denote`horizontal' indices by j; k; l and`vertical' indices by ; ; . Lemma 1.8. Let R be the curvature form of r. Then R jk = ? I jk ; R j = X j (? ) :
where f? g are Christo el symbols of the Levi-Civita connection of (M; g) de- ned by V(r V V ) = ? V . Proof. Since V is an in nitesimal automorphism of H we have that V ; X] = 0 for any basic vector eld X . Then
The lemma is proved. Remark 1.9. Concerning the remaining components of R note that R are equal to the components of the curvature forms of the Levi-Civita connections of the leaves considered with the metrics induced by g .
The following result gives the essential ingredient needed to state the main result of this section. We state this for a more general situation and shall then apply it to the case of Riemannian foliations locally generated by Killing elds. Proposition 1.10. Let V be an orientable foliation of dimension r on a smooth manifold M . Let H be a complementary distribution (i.e. V H = TM) . Let I be its integrability tensor. Let ! be a volume form on V (i.e. a vertical nonvanishing r-form).
Suppose that V is locally generated by local frames V such that (1) L V ! = 0 , (2) V is an in nitesimal automorphism of H , for any .
De ne trace(ad I) by trace(ad I) = c I where I = V I and V ; V = c V . Then this is a well-de ned horizontal two-form which is independent of the frame V and of the orientation induced by ! on V .
Moreover, the following assertions are equivalent: Also, since r restricted to any leaf is equal to the Levi-Civita connection of the leaf, which is a metric connection, we have that R = 0 .
We have proved that trace(ad I) is the curvature form of the connection induced by r on r (V) . In particular it is well-de ned, i.e. it does not depend of V .
It is easy to see that (ii) is equivalent to the fact that the mean curvature of V with respect to g is closed. The equivalence (i) () (ii) now follows from Proposition 1.5 .
The equivalence (i) () (iii) Remark 1.11. 1) The above proposition can be proved directly without introducing a metric on M and using the adapted Bott connection r . By using Lemma 1.7 it can be shown that the formula which de nes trace(ad I) gives the same thing when written with respect to two local frames which satisfy (1) and (2) of Proposition 1.10 .
2) Let V be a foliation on M endowed with a volume form ! and a complementary distribution H . De ne to be the horizontal one-form characterised by V (L X !) = ? (X) ! for any horizontal eld X . Then is the mean curvature form of V with respect to any Riemannian metric g on M such that g(!; !) = 1 If (1) and (2) of Proposition 1.10 are satis ed then a straightforward calculation shows that is basic (which is equivalent to d (V; X) = 0 for any vertical V and horizontal X) . This gives a more direct argument for the fact that any Riemannian foliation locally generated by Killing elds has basic mean curvature and the di erential of the mean curvature form evaluated on a pair formed of a vertical and a horizontal vector is zero.
3) Note that trace(ad I) is well-de ned also for nonorientable foliations (in which case ! is de ned just up to the sign).
We now state the main result of this section. In some cases trace(ad I) can be de ned in a di erent way. To show this we need the following.
De nition 1.16. Let g be a Lie algebra and h g a Lie subalgebra of it. We shall denote the induced projection by : g ! g=h and the adjoint representation of g by ad .
Suppose that trace(ad A) = 0 for any A 2 h . Then trace ad : g ! R naturally descends to a linear functional on g=h which we shall denote by the same trace ad . Although there are needed some special circumstances for trace ad to be wellde ned, to simplify the exposition, we shall write trace ad = 0 to mean that in the neighbourhood of each point a local frame V for V can be found which is made up of Killing elds and is such that c = 0 where c are de ned by V ; V = c V .
Applications
The following two corollaries follows immediately from Theorem 1.12 .
Corollary 2.1. A foliation of codimension not equal to two which is locally generated by Killing elds and which has integrable orthogonal complement produces harmonic morphisms. Corollary 2.2. A foliation of codimension not equal to two which is locally generated by Killing elds and for which trace ad = 0 produces harmonic morphisms.
The above result admits the following partial converse. Proposition 2.3. Let V be a foliation of codimension not equal to two which produces harmonic morphisms on (M; g) and is locally generated by Killing elds.
Let I be the integrability tensor of the orthogonal complement H of V . Suppose that on each leaf L of V a point x 2 L can be found such that V x is spanned by I(X; Y ) j X; Y 2 H x .
Then trace ad = 0 .
Proof. From Theorem 1.12 it follows that it is su cient to prove that V x is spanned by I(X; Y ) j X; Y 2 H x at each point x 2 M . By Lemma 1.7 this
holds on an open subset of each leaf. Obviously these subsets are also closed and the proof follows from the fact that the leaves are connected.
For the next application we recall the following de nition (cf. Remark 2.7. Recall that any locally-homogeneous Riemannian manifold which is locally-symmetric is naturally reductive and thus the above proposition holds also for foliations locally generated by Killing elds and whose leaves are locallysymmetric.
Using the above proposition we obtain another proof for the following result from 17]. (ii) There exists on G a bi-invariant Riemannian metric.
(iii) The canonical representation of an isotropy group is irreducible. Then, the connected components of the orbits form a Riemannian foliation with umbilical leaves which produces harmonic morphisms.
Proof. The fact that (i) implies that the connected components of the orbits form a Riemannian foliation is well-known (see 19, Ch.IV, 4.10]). Let V be this foliation.
By chosing an Ad G invariant metric on the Lie algebra of G and restricting it to the orthogonal complement of the Lie algebra of the isotropy group at x 2 M we can induce a metric h x on V x which by (iii) must be homothetic to g x j Vx (see 15, vol.I, Appendix 5] ). Then h is a metric on V which can be extended to a metric h on M such that hj H = gj H where H is the orthogonal complement of V .
Since hj V is induced by an Ad G invariant metric, V has naturally reductive leaves with respect to h . But g and h are homothetic when restricted to a leaf and hence the leaves of V are also naturally reductive with respect to g . Moreover, from the fact that V has totally-geodesic leaves with respect to h , and g and h are conformal when restricted to V and equal when restricted to H it follows that the leaves of V are umbilical with respect to g . Remark 2.9. Note that the same argument as above can be applied to show that the Ricci tensor of each leaf is proportional with the induced metric (see 4, 7 .44]). Hence in the above theorem each leaf is an Einstein manifold.
Theorem 2.10. Let G be a closed subgroup of the isometry group of (M; g) which generates a foliation V of codimension not equal to two.
(i) Suppose that the Lie algebra g of G satis es trace(ad g) = 0 . Then, V produces harmonic morphisms.
(ii) Conversely, if V produces harmonic morphisms and on each orbit Q a point x 2 Q can be found such that V x is spanned by I(X; Y ) j X; Y 2 H x where I is the integrability tensor of the orthogonal complement of V, then trace(ad g) = 0 . (ii) Note that if a point of an orbit has the assumed property then on each component of that orbit a point can be found with the same property. The proof now follows from Proposition 2.3 . Corollary 2.11. Let G be a compact Lie group of isometries of (M; g) . If the principal orbits of G have codimension not equal to two then their connected components form a Riemannian foliation which produces harmonic morphisms.
In particular, if (M; g) is compact and the principal orbits of the isometry group are of codimension not equal to two then their connected components form a Riemannian foliation which produces harmonic morphisms.
Remark 2.12. Let G be a Lie group and let g be its Lie algebra. Recall that if G is connected then trace(ad g) = 0 if and only if G is unimodular (i.e. its left and right invariant Haar measures (which are unique up to multiplicative constants) are equal). Also, the condition trace(ad g) = 0 is automatically satis ed in the following cases:
(1) G is nilpotent (in particular, G is Abelian); (2) G is semisimple; (3) G is compact (more generally AdG is relatively compact in Gl(g) ); (4) G is a general linear group.
For (1) this follows from the fact that if A 2 g then adA : g ! g is a nilpotent linear endomorphism. For (2) and (3) this follows from the fact that in these cases the adjoint group AdG preserves a nondegenerate symmetric bilinear form. For (4) it can be checked directly that trace(ad(gl n )) = 0 .
Note that if G is as in (2) , (3) or (4) then it is a reductive Lie group (i.e. its derived Lie algebra g; g] is semisimple) . Since, for any reductive Lie algebra g we have g = z g; g] where z is the centre of g and g; g] is semisimple it follows that any reductive Lie group G with Lie algebra g satis es trace(ad g) = 0 . Moreover, any foliation generated by a reductive Lie group G of isometries whose isotropy group is a reductive Lie subgroup of G produces harmonic morphisms. Theorem 2.13. Let = (P; N; G) be a principal bundle, dimN 6 = 2 , whose total space P is endowed with a Riemannian metric g which is invariant by the action of G.
Let H be the induced principal connection on and h the (unique) Riemannian metric on N such that the projection : (P; g) ! (N; h) is a Riemannian submersion.
Then the following assertions are equivalent:
(i) The connection induced by H on the determinant bundle of the adjoint bundle Ad is at.
(ii) The identity component H of the holonomy group of H satis es det(Ad G H) = 1 .
(iii) The projection lifts to a harmonic morphism e : ( e P; e g) ! ( e N; e h) where ( e P; e g) ! (P; g) is a Riemannian regular covering and e N ! N is a regular covering such that e h and the pull-back of h to e N are conformally-equivalent. Moreover, ( e P; e N; G) is in a natural way a principal bundle.
Proof. The equivalence (i) () (ii) follows from the holonomy theorem (see 15]).
It is obvious that trace(adI) is a basic form which is the pull-back of the curvature form of the determinant bundle of Ad . Hence, (i) is equivalent to the fact that the bres of form a (Riemannian) foliation which produces harmonic morphisms. Now, from the Corollary 1.14 it follows that it is su cient to prove that ( e P; e N; G) is in a natural way a principal bundle. Using the same notations as in Corollary 1.14 (with P = M) this follows from the fact that e P is the total space of + 2 H Remark 2.14. Let V be a foliation on (M; g) generated by the action of the closed subgroup G of the isometry group of (M; g) .
Then it can be proved, directly by using the mass invariance chracteristic prop- 2) The foliation formed on (an open subset of) a hypersphere S n by the intersections with it of a parallel family of planes in R n+1 of codimension not equal to three produces harmonic morphisms. This follows from Corollary 2.1 or from Theorem 2.8 . This can also be proved by noting that the foliation is induced by one of the projections of a warped-product (see 17, Example 1.26(1)]). Similar examples can be obtained on Euclidean spaces and on hyperbolic spaces.
3) Let K = R ; C ; H and consider on Gl n (K) ; n 2 , the following right invari- Let K H G Gl n (K) be closed subgroups such that trace(ad k) = 0, trace(ad h) = 0 and dimG?dimH 6 = 2 6 = dimG?dimK . Then, at least locally, a metric can be found on G=H (which is unique up to homotheties) such that the projection G ! G=H becomes, suitably restricted, a harmonic morphism. (If G or G=H has zero rst Betti number then this metric can be de ned globally on G=H .) Also, at least locally, a metric can be found on the total space of the projection G=K ! G=H such that the induced foliation produces harmonic morphisms. (If G=K and G=H both have zero rst Betti number then there can be de ned (global) metrics on them such that G=K ! G=H becomes a harmonic morphism.)
For instance, the foliations formed by the bres of the following natural maps produce harmonic morphisms:
Gl p+q (K) !G p+q;p (K) G p+q;q (K) ; Gl p+q (K) !V p+q;p (K) G p+q;q (K) ; Gl p+q (K) !PGl p+q (K) where G p+q;p (K) , p; q 1 , is the Grassmanian manifold of p-dimensional subspaces of K p+q , V p+q;p (K) is the Stiefel manifold of p-frames on K p+q and for the rst projection p + q 3 if K = R . If K = H or K = R and p + q 3 then the rst Betti number of Gl n (K) is zero and hence in these cases on the image of each of the above maps a metric can be found such that the induced map becomes a harmonic morphism.
In particular, consider on Gl 
